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Abstract 

Covariant stochastic partial differential equations are studied in any dimension. A special 
class of such equations is selected and it is proven that the solutions can be analytically 
continued to Minkowski space-time yielding tempered Wightman distributions which are 
covariant, obey the locality axiom and a weak form of the spectral axiom. 
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1 Introduction 



The connection between scalar generalized random fields which are Markov and Euclidean 
invariant and scalar quantum fields played a crucial role in the development of constructive 
quantum field theory [p4| , Symanzik first pointed out this connection for the free 



field and Nelson |3^ developed some general machinery to construct quantum fields from 
Euclidean invariant Markov fields. Multi-component Gaussian generalized random fields which 
are Markov and invariant under the Euclidean group might play a role similar to that of 



the free scalar field [26, 50, 51, 53]. A simple example for such covariant random fields is 



given by infinitely divisible random fields It seems that these fields are too singular: 



perturbations by local multiplicative functionals as in the standard constructive quantum field 
theory approach should lead to a very serious ultraviolet divergence problems; nevertheless 
there is another constructive approach which was initiated in ^ ^ and in the following 
papers H, ^ In all the above-mentioned papers it is essentially needed that a real 



vector space of dimension D = 1, 2, 4, 8 can be given the structure of a division algebra so that 
the Laplace operator = Y^iLi can be factorized as a product of two first-order covariant 

elliptic differential operators d and d. One can then consider an equation of the form 

dA = r} (1) 

where t] is suitably chosen noise. The solution of this equation, which can be computed explic- 
itly, is again a covariant Markovian generalized random field. The moments of this generalized 
random field can be analytically continued to Minkowski space-time, yielding covariant system 
of Wightman distributions which obey the locality axiom and a weak form of the spectral 
axiom ^ Moreover, if the noise r] contains a nonzero Poisson piece the corresponding 
system of Wightman functions is not quasi-free (non Gaussian). 
In the present paper we shall consider an equation of the type 

VA = r] (2) 

in arbitrary space-time dimension D > 2 and where V is an arbitrary covariant differential 
operator of any order. 

It is among the main objectives of the present paper to demonstrate that the existence of 
division algebras in the particular dimensions D = 1,2,4, and 8 is not essential and that 
in any dimension the covariant Markovian generalized random field A can be constructed by 
solving equation (2) with suitable V and 1]. Morever it will be shown that it is a generic 
property of a large class of such equations that the moments of the random field A can be 
analytically continued to Minkowski space giving a set of tempered Wightman distributions 
which are covariant and which fulfill the locality axiom and a weak form of the spectral axiom. 
The essential problem behind these constructions is to decide whether a reflection-positive non- 
Gaussian covariant generalized random field A can be obtained from equation (2). Unfortu- 
nately, the authors have obtained some negative results which will be published in forthcoming 
papers. One of the negative results, obtained by the second and the third author [^, directly 
relates to solutions of equation (^. 

Let r be a real finite-dimensional representation of the orthogonal group 0(D) with D > 2 
and let r = (Ba^a be its decomposition into irreducible representations. Let A = {Aa)a denote 
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the corresponding decomposition of the r-covariant field A which solves equation (^. Then 
for any a such that dim Tq, > 1 the corresponding Euclidean field is not refiection-positive. 
However, this does not exclude the possibility that on the scalar sectors of r = (Ba^a (i-e. 
on the subspaces where dim Tq, = 1) or on a certain subspaces of 5(R'^) ® R'^i^'^" refiection 
positivity holds. Moreover the possibility of passing to complex representations of 0(D) is not 
covered by this negative result. 

Another negative result, obtained by the first author |^ 0, is that there is essentially no multi- 
component generalized random field which is covariant with respect to some representation 
T = ©qTq of 0(D) and which is refiection-positive on the whole test function space unless at 
least one of the is trivial. However, one can construct fields of ultra-local type which lead 
to a trivial Hilbert space. In order to obtain a field which is non-trivial from the point of view 
of physics, one has to restrict the test function space which corresponds to fixing some gauge. 
One of the main conclusions from these negative results is that in order to obtain refiection- 
positive bosonic random fields of spin higher than zero one has to demand covariance only 
with respect to SO(D) instead of 0(D). This is not in confiict with the Wightman axioms 
||r^ , |2^ , since in the axiomatic framework the existence of Euclidean fields is not required at 
all and moreover the covariance of the corresponding set of Schwinger functions is demanded 
with respect to SO(D) only. For a more detailed exposition we refer to forthcoming papers 
0, ^ For a construction of Euclidean fields of arbitrary spin in an axiomatic framework 
we refer to [H2 . 



It seems to be an intrinsic property of gauge fields that the conditions of positivity, covariance 
and locality are all together not compatible with local gauge invariance E3, BBf. In view of 



this, we expect that some of the models produced by the methods described in the present 
paper, though they are not refiection-positive, could find applications in problems of quantum 
field theory of gauge type with indefinite metrics. This is the second motivation for the present 



and some forthcoming papers ||T9| , 
Organisation of the paper 

Although the proper mathematical language for the material presented in this paper is the 
language of vector bundles over R"^ and equivariant differential operators of first order we 
decided to present our results in a more elementary way in order to make them easily accessible 
to a wider audience. In section 2 we fix the notation and mention some elementary results 
which some of the readers probably know. The main result of the paper is contained in section 
3: Assume that T> has admissible mass spectrum (see below for the definition) and that 7] 
is white noise that possesses all moments. Then there exist tempered covariant distributions 
supported in the forward cone such that their Laplace-Fourier transforms are equal to the 
moments of A regarded as functions of the difference variables at positive time. Finally, in the 
last section we present some particular examples in three-dimensional space resulting from the 
lowest-dimensional real representations of the group SO(3). Models describing the interaction 
between scalar fields and vector fields that we call Higgss-hke models and models describing 
two interacting vector fields are also presented the last section. 



2 Random Fields as Solutions of Covariant SPDEs 



2 



2.1 Covariant First-Order Differential Operators 

An important concept in physics is the concept of covariance, i.e. the fact that the form of an 
equation does not change under suitable coordinate transformations. There is a lot of literature 
on this subject, cf. |jl5|, |l^, ^ In this section we shall investigate covariant first-order 



differential operators acting on C°°-functions —>■ K^, K G {R, C}. We assume that a 
representation of a Lie group G C GL(D) is acting on K^. In our applications we shall mainly 
study the case G = SO(D), which is motivated by our intention to produce covariant models 
in the framework of Euclidean quantum field theory. 

Let us, first of all, collect some basic definitions and facts. 
Proposition 2.1 

Let Bi, . . . , Bd be matrices G M.NxN(i^) and put B = {Bi, . . . , B^)- Let E G M.nxn{}^) 

denote the unit matrix. 

We consider the first-order operator 

^ d 

Vb = y Bi — + m E , m eR (3) 

acting on the space of C°° -functions K^. Let Tg denote the action of the representation 

T on functions f G C"^(R^, K^).- 

Tgfix) = rig)fig-'x), geG . (4) 

The following statements are equivalent: 

(a) The form ofT>B does not change if we make a coordinate transformation in "RP : x ^ gx, 
g E G, and simultaneously a coordinate transformation in K^.- y T{g) y. 

(b) T>B commutes with Tg : 

[VB,Tg] = Q V(7GG . (5) 



(c) 



D 



J2 9jkr{g)BkT{g-') = B, VjG {!,..., G G (6) 



k=l 



where gjk are the components of g G G. 

Note, that instead of taking the operator m ■ E in (3) we can take any matrix M belonging to 
the commutant of the representation r. 



Definition 2.2 IfT>B fulfills one (and hence all) of the conditions in proposition ^.]\ , it will 
be called covariant with respect to the representation r. 

The set of all operators that are covariant with respect to r will be denoted by Cov(K^,r). 
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Note that if T{g) G 0(N) Wg & G and if {Bi, . . . , Bd) defines a covariant operator with 
respect to r then the transposed matrices {Bl, . . . , B\)) define a covariant operator with respect 
to r, too. 

If we omit the constant term in equation (|^), we can be a httle more generah In this situation 
we can also admit matrices Bj that are not quadratic, i.e. we can consider operators Vb '■ 
C°°(R^,K^) ^ C°°(R^,K*^). 

Proposition 2.3 Let t he a representation of the group G in AutK^ and let a he a repre- 
sentation of G in Aut K-^. Let Bi, . . . , Bd G M.mxn and put B = {Bi, . . . , Bo)- 
We consider the operator Vb defined in equation (j^ and put m = 0. Let Tg denote the 
action of t in C°°(R-^,K^) and let Sg denote the action of a in C°°(R-^, K*^). The following 
statements are equivalent: 

(a) The form of T>b does not change if we make a coordinate transformation in R^ : x ^ 
gx , (? G G, and simultaneously coordinate transformations in : y \—>- T{g)y and in 
K*^ : z ^ a{g) z. 

(h) Vb intertwines Tg and Sg : 



C°°(R^,K^) ^ C°°(R^,K^'0 



^4 



1^. 



(c) 

E 9jk cj{g) Bk T{g-') = B, \fj e{l,...,D} \fg e G 

k=l 

where gjk are the components of g G G. 

For a given r and a the set of all operators fulfilling one of the conditions of Proposition 2.3 
will be denoted as Cov{{t, K^); (a, K^"^)). The following lemma is the infinitesimal version of 
the transformation properties (|^). 

Lemma 2.4 Let g denote the Lie algehra of G, and let La, a G {1, . . . ,/}, he a family of 
generators of g. 

A necessary condition that a D-tuple of matrices B = {Bi, . . . , B^,) defines a covariant operator 
Vb with respect to the representation t is that 

D 

J2{La)jkBk = [Bj,dT{La)] VaG {!,...,/} VjG {!,..., D} (7) 

k=l 

where dr denotes the differential of t. 

If G is connected, condition ^ is also sufficient. 
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Sketch of the proof: 

The infinitesimal form follows easily from the global condition. Therefore we shall concentrate 
on the proof of the inverse implication. First we show that the statement to be proven holds for 
one-parameter groups. Let us take the one-parameter group g{t) — e'*^" and its representation 
Tg(t) = e***^^*^^"). By the commutator expansion 

•nj.n 

k k n>0 ^■ 

and iterating 

fcl 

— — '^{La)kki[dT{La), ■■■,[dT-{La), Bki]...] =( — !)"■ ^ {La)kki{La)kik2---{La)k„-ik„Bk„ 
fcl fc . . •kji 



so that 



^TgBkTg gki = ^ — —. — X! X! (-l)"(e** '")ik{La)kki{La)kik2---{La)kr,-iknBk„ 



k n>0 fc fci...fc„ 



n>0 fc„ fc n>0 

This ends the proof for one-parameter group. Because 

^Tg^9iBkT~^]j^{g2gi)ik = ^^Tg^Tg^BkTg^Tg^ gi^ikg2,ii = ^Tg^BiTg^g2,u = -B; 

fe fe i i 

and the fact that the statement holds for the onc-paramctcr groups wc have proven the im- 
plication for group elements g which arc products g = gi(ti)...gk(tk) of elements from the 
one-parameter groups giiti). The set of such products is dense in some open subset U con- 
taining the identity. By the continuity argument the global condition is fulfilled on [/, and 
consequently is fulfilled on the connected component containing the identity. □ 

Remark 2.5 Let the Lie group G he the union of connected com,ponents G = Ua with 
G° being the connected component containing the unit element e. Assume that there exist(s) 
Ra & G such that RaG^ — G". If for a given representation r equations (7) hold and if 

D 



^{Ra)jkT{Ra)BkT ^(-Rq) = Bj 



k=l 



then the D-tuple {-Bj}j=i,...,i) defines a covariant operator!) under the action of component(s) 
Similarly we can also prove: 
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Lemma 2.6 Let G, g, La be as in Lemma (2.5) and let a, t be two representations of G in 
and in K^"'^ respectively. A necessary condition that a D-tuple of matrices B = {Bi, Bjj) 
defines a covariant operator Vb G Cov{{t,'K^^); (a, K^)) is that: 

D 

J2{La)jkBk + da{La)Bj + B,dT{La) = (9) 
fc=i 

for all j, k G {1, D} and a = 1, dimG. 

If G is connected this condition is also sufficient. 

For the case of the rotation group SO (3) in three-dimensional space and also for the proper 
orthochronous Lorentz group L^_(4) in four-dimensional space-time covariant operators have 
been extensively studied, cf. [jl^, ^ ^ and the references therein. 

In the sequel we want to study the inverse of a given covariant operator. It is therefore natural 
to ask whether we can find any elliptic operators in Cov(K^, r). 

For an operator Vb = J2jLi + mE and a differential form Y.f=iPj dxj we define the 

characteristic polynomial in the usual way: 

D 

Note that this definition depends in general on the choice of coordinates. 
Lemma 2.7 

(a) Let G C 0(D) and let Vb E Cov(K^,r). 

The form of aT,g{pi, ■ ■ ■ ,Pd) does not change if we make a coordinate transformation in 
: X \—>- gx, g E G, and simultaneously a coordinate transformation in K^.- y ^ 

'r{g)y- 

(b) Let G be either SO(D) or 0(D) and let Vb E Cov(K^,r). 

We have 

det(ai,,(pi, . . .,pd)) =C{pI + .. . + plT (10) 
for some constant C G C and n G N. 

Moreover, if N is odd, then C = 0, i.e. elliptic operators that are covariant with re- 
spect to some representation o/SO(D) or 0(D) can only exist if the dimension of the 
representation space is even. 

Proof: (a) is easily seen by employing the covariance condition (^. To prove (b), observe 
that det(o"x)a(pi, . . . ,p£i)) is invariant under rotations and must therefore be a function of 
p\ + . . . + The assertion now follows from the fact that det^a-Dgipi, ■ ■ ■ ,Pd)) must be a 
polynomial and a homogeneous function of order less or equal to N. □ 
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Remark 2.8 Let G be either SO(D) or 0(D) and let N be even. For a covariant operator 
Vb G Cov(K^, r) we have 

det(z J2 BjPj +mE)=cf[{pl + ...+pl + rl) (11) 

j=l a=l 

where Tq,, a = 1, . . . , and C are constants G C. 

// all Ta are real, the operator Vb is invertible on suitably chosen function spaces and in this 
case we shall call it admissible. 



Given two different but equivalent representations r and f , the following remark shows how 
we can identify Cov(K^, r) and Cov(K^, f). 

Remark 2.9 We assume that B = {Bi, . . . ,Bb) defines a covariant operator with respect to 

the representation t. Let f be an equivalent representation: f{g) = M T{g) . 

Then B' = {B[, . . . , B'^,), Bj = M Bj , defines a covariant operator with respect to f. 



Remark 2.10 It is possible to covariant differential operators of higher order, too. For this 
let: 

a:\a\<n 

where a = (ai, as), G N U {0}, |a| = ai + ... + an, G Mnxn{^), = gf^D^''g°j^i 

and let t be a representation of a group G in K^. Then the operator T>n is called t -covariant 
differential operator of order n iff 

(i) there exists a such that \a\ = n and Ba ^ 

(a) the following diagrams commute: 

C°°(R^,K^) ^ C°°(R^,K^) 



In particular, taking V^,...,T>'"' G Cow (r; K^) the operator Vn = V"^...T>^ is a covariant oper- 
ator of n-th order. However, since by increasing the dimension N of the target space the 
n-order covariant equation can be reduced to first order we shall mainly restrict ourselves to 
the first order operators. 



Let us now focus on the case G 
cf. 



SO(D). The representation theory of SO(D) is well known, 
Tl| , |T^, |T6|, |T^. An important question for physics is which representations r of G = SO(D) 



admit an extension to a representation r of 0(D). Since SO(D) is a subgroup of index 2 of 
0(D), it is a normal subgroup and 0(D)/SO(D) ^ Zg. Taking any M G 0(D) \ SO(D) it is 
easy to check that r can be extended to 0(D) iff there exists f(M) G M.nxn{}^) such that 



r(M ■ A-M)= t{M) ■ t{A) ■ t{M) 



VA G SOfDl 



(12) 
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If D is odd one can always extend a given representation r: The fact that D is odd imphes that 
the matrix M = —Ed = {—Sij) has determinant —1, and if we put f(M) = iidy, condition 
(0) is fulfilled. 
Let us now have a look at 

R=('ii ] (13) 



which is the reflection at the hyperplane {xi = 0}. The choice t{—Ej:,) = ±idy implies that 
the reflection R is represented by 



riR) = ±H n ^ • (14) 





The case of even dimension is more complicated so that we only give a summary of some 
group-theoretic results, referring the reader to for details. 



We assume that r is an irreducible unitary representation. Taking some M G 0(D) \ SO(D), 
we consider the representation (t{A) = r( M~^AM), A e SO(D). If a and r are equivalent, r 
is called self-conjugate. In this case r can be extended to 0(D), and the extension is unique up 
to sign. If, however, a and r are not equivalent, one has to pass to the induced representation 
Tind of 0(D), i.e. one has to double the dimension of the representation space K^. Tind is 
an irreducible representation of 0(D), and it is the only irreducible representation of 0(D) 
which contains r when being restricted to SO(D). 

Now we can introduce reflections into the concept of covariant operators. 

Definition 2.11 Let r be a representation of G = SO(D), and let f be an extension of t to 
0(D). 

We call an operator Vb G Cov(K^,r) reflection- covariant with respect to r iff it transforms 
covariantly under the full orthogonal group, i.e. if ^ holds Wg G 0(D). 



Remark 2.12 Let Vb be a covariant operator with respect to a representation t o/SO(D), 
and let f be an extension of t to 0(D). Vb is reflection- covariant with respect to f if and only 

if 

f{R)Bif{R) = -Bi 

f{R)B^f{R) = B, VjG{2,...,Z}} (15) 
where R is the matrix in equation (jT^j. 

Unitary representations of the classical groups are well understood. In the sequel we have to 
use representations in terms of real matrices. 

Let be a complex finite-dimensional vector space. Given a representation r : G ^ Auty, 
it is natural to ask whether r can somehow be transformed into a representation in terms of 
real matrices. A comprehensive treatment of this question can be found in [16 . 
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r is of real type iff there is an antilinear map J : V ^ V such that = idy and JT{g) ~ 
T{g)J V^eG. 

If r is of real type, consider W = {x&V\x — Jx}. W is a real subspace which is T{g)- 
invariant \/g G G. We have the decomposition V = W ® iW which shows that r can be 
obtained from rj-eai : G — by extending the field of scalars. Choosing a basis for W , we get 
a representation in terms of real matrices. 

T is of quatemionic type iff there is an antilinear map J : V ^ V such that = — idy and 
JT{g) — T{g)J Mg e G. If the representation r is of quaternionic type, it can be extended 
to Tquat '■ V ® jV , where {l,i,j,k} denotes, as usual, the canonical basis for the space of 
quaternions. 

If r is neither of real nor of quaternionic type, we say that r is of complex type. The following 
proposition is a well-known criterion to determine the type of a given irreducible representation. 



Proposition 2.13 Let dg denote the normalized Haar measure on the compact Lie group G 
and let Xt denote the character of the irreducible representation r : G — > EndT^ . 



G 



Xrig^) dg 



T is of real type 

T is of complex type 

T is of quaternionic type 



2.2 Non- Gaussian Noise 

In this section we shall deal with G-invariant and reflection-positive noise. Since mathematical 
physicists might be less acquainted with the notion of non-Gaussian noise, we briefly review 
some basic definitions and facts. 

Definition 2.14 Let (Jl,E,/x) be a probability space, and let T be a space of smooth test 
functions ^ R^. We assume that T is equipped with some topology. 
A generalized random field indexed by T is a map 

(p : T — > {real— valued random variables on Q} 

which is linear almost surely, i.e. \/f,g G T, VA e R 

vif + g) = ^{f) + ^{9) 

^{\f) = Mf) 

and which is continuous in the sense that if fn f in T then (p{fn) —>■ ^{f) in probability. 
On the formal level, we have 

N N 



a=l a=l 



dc 
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Definition 2.15 

Let T) = ® denote the space of -functions — with compact support. 

White noise is a generalized random field (p indexed by V such that its characteristic functional 
is given by 

r(/) = E(e'^^f^) = e-/RB^(^(^-))'^^ . (16) 
The function ip : R^ C has the so-called Levy-Khinchin representation 



|2 



ilj{y) =t<P,y>+-<y,Ay>+ / ( 1 - e^<"'^> + ) ' " (17) 

R,JV\{0} 

where (3 G R^, A zs a non-negative definite N x N-matrix and k is a non-negative, bounded 
measure on R^ \ {0}. 

If K = and A ^ 0, ip is called Gaussian white noise whereas in the case A = 0, k ^ 0, p is 
called Poisson noise. In the following we put always /5 = for simplicity. 

In the last section we mentioned tliat we need representations of tlie group G in terms of real 
matrices. The reason for this is that T>{RP) ® R^ is a vector space over R. 
Since P is a nuclear space, by Minlos' theorem (cf. |T^) there is a unique probability measure 
H on the dual space V such that 



/ e'^'^^f^dix{r,)=T{f) 
Jv 



where ( ■ , ■ ) denotes the canonical pairing between T>' and V. 



The function ^{j in (}[7\) is a negative definite function, cf. [|T0 



V^g(i/) = ^<y,Ay> 

is the Gaussian part and 

i < a,y >\ 1 + ||q;|P 



My) = I (i - e^<"'"> + V 



'\{o} ^ i + ||aP ^ ||aP 



a] 



is the Poisson part of ip. 

We shall also use the notation 

Tc{f) = -^^(e'^^^-^)) = e-/'^G(/(a;))rfx 
and the analogous notation for the Poisson part. 

The noise ip can be regarded as the sum of Gaussian and Poisson noise: p = pc + fp- 
Correspondingly, we have a measure /ig and a measure /ip on V, and fi is the convolution of 
these two measures: fi = fic * ftp- 

Let us mention two characteristic properties of white noise. White noise is invariant under 
translations in the sense that the random variables p{fxo) and v^(/) are equal in law, where 
fxQ is the function x ^ f {x + xq) . 
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If we take two functions /i,/2 G 'D with disjoint supports, the random variables v^(/i) and 
ip{f2) are independent. 

If is white noise such that the random variables ^{f) have zero mean and finite second 
moments V/, the function ip in (|17D has the so-called Kolmogorov canonical representation 

ilj{y)=]^<y,Ay> + J [l - e'<"'y> + t < a,y >)dy{a) (18) 

R^\{0} 

where the so-called Levy measure u has the property /r,]v\{o} ||Q;|pci/(tt) < oo. In this case ip 
satisfies the inequality |V'(2/)| ^ ^llz/lP ^ where M is some constant > 0. This makes 
it possible to extend the generalized random field to L^. 

In the sequel we shall restrict the class of admitted characteristic functionals even further. We 
shall assume that the Levy measure u in (JT^) is invariant under the reflection a ^ —a. Under 
this assumption the characteristic functional corresponding to the Poisson part is of the form 

Tp{f) = Ep(e^^(^)) = e/R-/R-(^""'^'''^'"-^)'^(")'^^ . (19) 

Moreover, we assume that the measure u satisfies the condition 

/ e*ll"llc^/(a) < oo Vt>0 . (20) 

This condition guarantees the existence of all moments of the corresponding noise and, more- 
over, it allows us to extend the characteristic functional as an analytic function. To be more 
precise, for fixed / G ^'(R^) ® 

C^3^^rp(e/) = £;p(e^('«^)) (21) 

is an entire function in ^ obeying the estimate: 

|rp(eF)| <exp(|e| / ||/(x)|| A- J \\a\\ ed^' /Ill)ci/(a)) (22) 

where ||/(a;)|| = ( E |/.(x)pV and = sup, |/(x)|. 
^ 1=1 ^ 

Lemma 2.16 Let us assume that the Levy measure v in ( |7^ has finite first order moments. 
Then for any f G /^(R*^), any cylinder function F G L'^{^p) which is bounded and the 
following integration by parts formula holds: 

J < r]J^ > F{r]) 4i{r]) = 

X''{R«)(g)R^ 

J < /\x), E{Aj^F{7])) >d): + J J /\x) E{F{7] + a6{x - ■)) ax diy{a) dc (23) 
where {f^)i = S^f , denotes the functional derivative (widely used in mathematical 

N 

physics see e.g. [2^, and (A-^). = E^Ajk^^ . 
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Proof: 

Take F{ri) = expi{ri,g). Employing (|l^), it is easily seen that ( ^3|) holds. Since any bounded 
cylinder function can be uniformly approximated by the sums Z^n Cn exp i(?7, (7) (see e.g. 
the assertion follows. □ 



If the characteristic functional of Poisson noise if is of the form (0), the moments of if are 
given by 

Ep{ n(^, /.)) = E n / / n < /.(^O > dxi d^iai) (24) 
ncnn^=0 

for 

where the summation runs over the set of all partitions of J„ = {1,2, ...,n}. If the noise (p is 



the sum of a Gaussian and a Poisson part, formula (^J) has to be altered 



Ei U)) = E Epill i^, f,))Eai n /^)) (25) 

i=l UcUnp=J„ igllp i&Tla 

nGnnp=0 

The moments of the Gaussian part are uniquely determined by the covariance A: 

Eg((^,/i)(^,/2)) = f < h{x),AUx) > dx. (26) 



Remark 2.17 The number of terms in is n„ = J2p=i Sn{p), where Sn{p) are the so-called 
Stirling numbers of the second kind. They are given explicitly by 

P- j=0 V/ 

Therefore the total number of terms in ( |g3y is J2k=o (fc) -^fe ■ 

To derive (|19D we made the assumption that the Levy measure u is invariant under the reflection 
a ^— —a. This implies that the contributions coming from partitions (11^) in ( PH ) containing 
some IIq with an odd number of elements vanish. 

The following remark shows that the carrier set of Poisson noise is extremely small: it consists 
of locally finite linear combinations of delta distributions. 

Remark 2.18 Let 

G/(R^) = {A C R-^ I A n is finite for every compact set K} , 

i.e. Cif is the set of 'locally finite configurations'. Cif can be given a topology such that Cif is 
a complete metrizable space, cf. 
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If A E Cif(R.^), A obviously contains either a finite number of points or countably many 
points. Let us fix an enumeration of these points, i.e. A = {xi,X2, ■ ■ ■), Xi G R^. Take 
r = (71,72, . . .) e (R^)l^l. We define 

6{A,T){x) = l^S{x-x,) (28) 
where V/ = (A, . . . , /^) G I?(R^) ® R^ 

TV 

-X,), f) = Y.i^,),fkix,) . (29) 

k=l 

Adapting the argument in f^^, it can be proved that the set 

C = {5{A,V) I A G Qy(R^),r G (supp z/)l'^l} 
is a carrier set for fip, i.e. fJ^p{C) = 1. 



Remark 2.19 Let A be an open subset o/R^. We define a-algebra S(A) as a minimal (^p- 
complete) a-algebra of sets generated by random elements {(p, f) with f G X'(R-^) supported in 
A. For A closed we define S(A) as an intersection of all S(A'), where A' is open and A C A'. 
Let r C R'^ be a closed subset ofH^ and of (Lebesgue)measure zero. It can be easily deduced 
from Remark ^.Idj that then S(r) is a trivial a-algebra. From this it follows that the random 



field fip has a Markov property in the following sense: 

for any open A C R'^ with sufficiently regular boundary dA and any bounded F,G measurable 
with respect S(A) respectively S(A'^); 

E^^{F ■ G|S(9A)} = E^^{F\E{dA)} ■ E^^{G\E{dA)} = E^^{F) ■ E^^{G), (30) 

where i?^p{ — |S(-)} denotes the corresponding conditional expectation value of {—) with respect 
to the a-algebra S(-). 



Definition 2.20 Let t be a representation of the group {S)0{D) in the space R^. We will 
say that the random field ip (given by (16) and j^Tlj)) is r-covariant random field iff 



(31) 



for all f G V(R^) ® R^. T* means the adjoint of the representation Tj. acting in the space 
Vi^R.^) ® R^ under the canonical pairing d'{ , )©. 



Lemma 2.21 Let r be a representation of {S)0{D) in the space R^ and let (p be a white noise 
given by (jT^ and (|7^. Then the noise ip is r-covariant iff 
(z)(3 = 

(ii) r'^Ar = A 
and 

(iii) the measure dn is r -invariant (providing that r is given by orthogonal matrices). 
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Let be r-covariant white noise and let Rr be the representative of the reflection operator R 
for the representation r (see 0). Let G ^'(R'^) ® be a finite sequence of test functions 
supported on {{t,x) G R-^|t > 0}. Then for any finite sequence G C we have: 

^c„c^r(e^(^'^")e-^(^'«-^')) = ^c„c^r(e^(^'^"))r(e-^(^'^-^'')) = | J] c„r(e^(^'^"))p > (32) 
providing that the noise is i?T--invariant. 

Remark 2.22 The last property express the so called reflection positivity of the noise (f. Tak- 
ing such reflection positive and covariant noise one can construct from the moments of it (see 
e.g. some covariant quantum field fulfilling all Wightman axioms. However, it is 

fairly easy to show that the arising quantum field theory is a multiple of the identity operator. 

2.3 Covariant SPDEs and Their Solutions 

Let P G Coi;(r, R^) for some real representation r of SO{D) and let T) be the transpose of 

V in the canonical pairing 5'(RD)0R,iv < ■ , ■ >s(RD)g,R,iv. We shall consider stochastic partial 
differential equation (SPDE) of the type 

f)(p = r] (33) 

where rj is given generalized random field indexed by 5(R^)(8>R^. An operator I) will be called 
regular (corresp. the equation will be called regular) iff there exists a nuclear space such 
that the (principial) Green function T>~^ of T> is defined on JF and maps JF continuously 
into 5(R^) R^. A generalized random field (p indexed by JF is called a weak solution of 
regular equation (|33D iff: 

<^J >^< ry, > for all / G (34) 

where = means equality in law. Denoting by F,, the characteristic functional of the field t] we 
have that the characteristic functional T^^ of a weak solution of regular equation ( ^3|) is given 
by: 

r^(/)=r,(p-V) for /G.F (35) 

The case in which T> : i5(R'^) (S> R^ — > 5(R'^) (8> R^ is continuous bijection will be called 
strongly regular. For example, if V is admissible with strictly positive mass spectrum then 

V is strongly regular. In the case of strongly regular V the space JF(R^) could be chosen as 
5(R^) ® R^. 

Let )Cx> = {x ^ iS'(R^) ® R^l Vx = 0}. Then for any weak solution ip oi a. regular equation 

(0) and for any x ^ H JF' the new random field ip^ the characteristic functional of which 
is given by: 

r^,(/) = e^<^'^>F^(/) (36) 

is again a weak solution of (|55|). In fact it could be proven, that fixing the space JF the whole 
set of weak solutions of (^) could be exhausted in this way. 

Let us recall that a generalized random field t] indexed by a space JF is called r-covariant iff 

(1) Tg acts in the space JF, (ii) < 77, TJ/ >=< ri, f > for each g G {S)0{D) and f E J-'. 
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Proposition 2.23 Let us consider a regular equation 1^3^) with t] being r-covariant. Then the 
weak solution of given by ( {3^) is again r-covariant random field (providing Tg acts in the 
space T). 

Proof: 

From the assumed equality: X>TJ = T^T) it follows easily that V^^Tg = T^V^^ . Therefore 

< ^, t;/ >-< r/, v-Xf >=< V, T;v-'f >-< ^, / > . 

In the massless case we can consider again equations of type (|33|), where now the covariant 
operator V G Cof ((R^, r); (R^, cr)). The notion of regularity and the weak solution is defined 
as in the previous case. 

Proposition 2.24 Let T> G Cof ((R^,r); (R^,(t)) be a regular operator and let rj be 
a -covariant random field indexed by 5(R-^) ® R^. Then a weak solution of SPDE: 

V^ = rj (37) 

given by ( p^j is r-covariant random field (providing the corresponding space J-' is Tg- invari- 
ant). 



Remark 2.25 Situation such as described in Prop \2. 24\ occur for example in the discussed in 
/0/ quaternionic representation r = (i, i) of 5*0(4) and the corresponding Cauchy-Riemann 
(quaternionic) operator d. The corresponding a = (0, 1) and the nuclear test function space T 
is defined in Section 3 of In the case of SO (4) it can be proved that for any irreducible 
representation r the corresponding set's Cov{r,'K^) degenerates to zero-order operators and 
the only possibility to produce covariant random fields from SPDE of the type considered here 
is to pass to massless case and the choice V G Cof((R^,r); (R^,(t)). For more details and 
new examples in D = 4 we refer to our forthcoming paper J7^ 



Remark 2.26 Let rj be a r-covariant generalized random field indexed by 5(R^) ® R^ and let 
Vi, ...,Vn, ■■■ G Cof(r, R^) be strongly regular (for simplicity). Let us consider the following 
cascade of covariant SPDE's: 

l5„(^" = (^("-^), I^iv?^ = r/ /or 72 = 1,2,3,... (38) 

Then a weak solutions y?" of the cascade (37) (providing they exist) gives rise to a family {^^} 
of r-covariant generalized random fields. In particular we have: 

r^,„)(/) = r,(p;i...DrV) (39) 

Let 5(R+/(_) ® R^-i) = {/ G 5(R^)|supp/ C {xq > (<)0,x G R^-^}. 

Let TZ : iS(R''^) ® R^ — 5(R'^) ® R^ be a continuous linear mapping such that: 

ii) n : 5(R^/(_)) ® R^ ^ '5(R^/(+)) R^ 
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(ii) = id. 

A given random field 1] is called 7^-reflection positive iff for all finite sequences G C; 
G »5(R^) (8> the following inequality holds: 

EcfcQ^,(^-7^/o>o (40) 

k,l 

Proposition 2.27 Let T) G Cov{t, R^) be strongly regular and let rj be TZ-reflection positive. 
Define J^+/^_) = {f E J^(R^/( ^) (g) R^|/ = Vgfor some g G 5(R^/(_))®R^ and [n,V]g = 0. 
Then the weak solution (p of 0^ given by ^3^ ) is TZ-reflection positive in the following sense: 
for all finite sequence Ck G C, /'^ G 

EcfeQ^4^-7^/o >o 

k,l 

Proof 

Let = Vg^, where g'' G 5(R+ (g) R^~^) (g) R^. Using 7^-reflection positivity (HO) of r] and 



E CfcQr^(/fe - 7^//) = E cfcQr^(i)-Vfe - 1?-^7^//) = E CkCiT^{gk - izgi) > o.n 

Remark 2.28 Having in mind possible applications of our results to Quantum Field Theory, 
examples of TZ-reflection positive solutions with suitable reflection operator TZ- has to be pro- 



duced. We remark that the restricted reflection positivity demonstrated in Proposition \2.27 
seems to be not sufficiently enough interesting as it leads, in the case where rj is taken as 
physically reflection positive white noise to trivial quantum field theory models. A detailed 
discussion of reflection positivity for higher spin bosonic models of Euclidean Quantum Field 
Theory together with the proof of No Go Theorem quoted in the introduction could be find in 

/sa mi- 

From now on we specialize our discussion to the case, when rj is r-covariant white noise with 
characteristic functional given by F^ = FJ^F^ where F^ is given by Gaussian part of (|18D 
and F^ is given by ([T9|). We collect some elementary properties of the weak solution of SPDE 
(^) with the right hand side equal to the white noise as above. 

< 1 > The weak solution ip of regular ( p3| ) with T> G Cov{t, R^) has characteristic functional 
F,^ given by: 

9 / ^ Fj = FjFj(/) (41) 

where: 

F J = e-5 /</W'(^-')"^^-'(--?^)/W>f/xrfi/ (42) 

rJ = e//[^'"'^'""*'"'^'"^lrfK«)^^- (43) 

There exists an unique probabilistic Borel cylindric measure dfixi{<p) on JF'(R'^) = the weak 
dual of such that: 

r^(/) = / „ dft^{^)e^<^'f> . (44) 
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< 2 > For any cylinder bounded and of class cylindric function F G L'^{d^T>) the following 
integration by parts formula holds: 

^(^'*-<^' = / < f\-lE(iV-rAV-^J^^F(^)) > d.+ 

f{x)EF{ip + axf)-^i- - x))axdu{a)dx. (45) 



where (/^), = d^f, / G ^. 

< 3 > If the Levy measure du has all moments then the field if has all moments and they are 
given by the following formula: 

n 

E{ m^^ m = E MU iv, mEci n if^ m m 

nGnnp=0 

where: 

i=i niu...unfc=j„ 1=1-^ '' jeUi 

nann0=0 

for «7^/3 

and 

In k 

EG{m^J^))= E Uj Jd^dy<f.,{^),{V-YAV-\x-y)Ux)>, (48) 

»=1 ik<jk '=1 

fc=l,...,n 

2n+l 

^g( n(v'>/^)) = 0. (49) 
In particular the two point moment 5*^ G JF'®^ of is given by: 

Slif ® (?) = (P-1)^AI?-1(/ ^g) + J dv{a) Jdx<a, V-'f{x) >< a, V-'g{x) > (50) 
which has the following kernel: 
5j(x -y) = {V~^fAV-\x ~y) + j Mci) Jdz<a, V-\z - x) >< a, V-\z - y) > (51) 

< 4 > The set V^^ * C = OiiD^^{- — x)\ where {xj} G Cj/(R^) and G suppdz/ for all i} 
is the carrier set of the Poisson part of the measure d^D (see for Remark |2.18| ). 

< 5 > If the noise is r-covariant then the random field (p is r-covariant (providing the test 
function space JF is T'^-invariant). 

< 6 > In the case of strongly regular equation the corresponding solution is Markovian. The 
preservation of Markov property under the transformation rj — >■ V~^ri with det'E'(zp) 7^ 0,p G 

follows strightforwardly from paper [Q. The case of nontrivial kerP is more subtle ^7\, |3l |. 
The discussed solutions of SPDE (|33D with t] being Gaussian leads to Gaussian (and therefore 
not very interesting from the point of view of physics) solutions. It is why, we require that the 
Poisson part of the white noise 77 is nonzero in all further applications. 

Remark 2.29 Other fundamental properties of the field (f like: Markov property, lattice ap- 
proximation (s) will he discussed elsewhere (see i.e. ^ ^ [5^, W^D- 
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3 Laplace- Fourier Transform Properties of the Solutions 

Let us define the following spaces of functions: 

5+(R^") = {/ G S(R^") I / and all its derivatives vanish unless < < a;^ < . . . < a;°} 

5o(R^") = {f e 5(R^") I / and all its derivatives vanish if for some 1 <i < j <n} 

5(R+) = {/ G 5(R) I supp / C [0, oo)}, 5(R_) = {/ G 5(R) | supp C (-oo, 0]}. 
We identify the following spaces: 

5(R7) = 5(R)/5(R_), Si^"") = S(R+) 5(R^-i); 

5(R^;R^) =R^®5(R^); 
5(R^"; (R^)®") = (R^)^" ® 5(R^"); 
5+(R^"; (R^)^") = (R^)®" ® 5+(R^"); 
5o(R^"; (R^)®") = (R^)®" ® 5o(R^"); 
5((R^'')"; (R^)®") = (R^)®" ® 5(R7''"). 
The following maps will be used: 

d : 5(R^") 9 / ^ /'^(xi,X2 -a;i,...,x„ = /(xi,...,x„). (52) 



The map is a morphism of 5+(R^"; (R^)®'^) into 5((R+^)"; (R^)®'^). The Fourier-Laplace 



transform on iS(R+^") is 

5(R;''") 3 /„ ^ f^\qu...,qn) = J e-S:^i«^°e^S:^i (53) 
Finally, the map 

V : 5+(R^("+i)) 9 A ^ r^/, G 5(R;''") (54) 

is defined as 

V{fn){Pl, •••,Pn) = fn^^iPU -yPn) |{pO>0} • (55) 

-Dn. 



It is well known that the map r] is continuous with dense range in i5(R+ ) and trivial 
kernel. The notions of d, of taking the Fourier-Laplace transform and of the map r] naturally 
extend to the case of distributions with multiindices. 

Definition 3.1 A distribution G S'j^{R.^^^^^\ (R^)'^("+i)) has the Fourier- Laplace prop- 
erty (the FL property) iff there exists a distribution Wn G 5'(R^, (R^)®") such that: 

F^^,{xo,...,Xr,) = J e~^l-y^<e'^l-i^''-^'^Wn{pi,...,Pn)dpi...dpn, (56) 
where the equality FL has to be understand in the sense of distribution theory sense (see e.g. 
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There are several necessary and sufficient conditions known for the given F„ G S'^(R ) to 
have FL property |]12|, However, all known for us criterions are hardly to be checked 

in concrete situations. 

Let r be a representation of SO{D) in the space R'^. We will say that a tempered dis- 
tribution Sn G iS'(R'^; (R^)*^") is covariant under the action of r (r-covariant) iff for each 
g e SO{D) /i, /„ G 5(R^; R^) the following equality holds: 

SnU'l ® - ® fn) = Sn{TrJl ® ... ® %Jn) (57) 

where: = Tgf{g~^x). A distribution S'„ G 5'(R-^; (R^)®") is called symmetric iff 

Snifl ® - ® /„) = ® - ® U(n)) (58) 

for any tt G S'"(= symmetric group of n-th element set) and any /i, /„ G S(Il^; R^). 

Proposition 3.2 Letr be a representation of the group SO {D) inH^. //(T„GiS'(R-^; (R^)®") 
zs symmetric covariant under the action of t and an \{yO>o} property then there exists 

a unique tempered distribution Wn G S'(R^; (R^)*^") such that: 

(1) is supported in the product of forward light cones = {p G M^\p ■ p > 0; p^ > 0}, 
i. e. : 

suppWn C (\/+)^". 

(2) Wn is covariant under the representation r'^'^ of SO{D — 1, 1), i.e.: 

(/i ® . . . ® /„) = (r,« /i ® . . . ® T,« /„) (59) 

for any g G L\_{D); /i, /„ G 5(R'^; i?") and where r^^ is the analytic continuation of r into 
the representation of SO{D — 1, 1) via the "Weyl unitary trick". 

(3) yVn is local, which means, that the inverse Fourier transform o/ >V„(xi, x„) has the 
property that if some are such that {xi — Xi+i)^ < then 



(4) 



yVn{Xi, Xi, Xi+i, Xn) = >V„(Xi, Xi+i, Xi, X„) (60) 
„ n 

St+,{xo,...,Xn) ^ J e-Si:^i^^"e^Sl'^iP-^'=Wr(pi,...,P„)n^P^ (61) 



i=l 



for < ... < 



Proof: 

From the FL property of Sn it follows that there exists >V„ G 5'(R^; (R^)®") such that >V„ 
is supported on positive energies, i.e. on the set {(pi, ■■■,Pn)\ > for all i = I, ...,n} and 
such that (4) holds. But the covariant under the action of the Lorentz group distribution must 
be supported in the orbit of Lorentz group |]T2|, Q and thus we conclude that >V„ must 
be supported on (l^"*")^". The locality of Wn follows from the symmetry property of Sn (see 
e.g. [^). The uniqueness of W„ follows from the fact that the kernel of the Laplace- Fourier 
transform consists only from vector 0. □ 
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The difference variables moments (T„ of tlie random fields A constructed in section 2 are defined 
as: 

(6, ^n) = S^^^iXi, ...,Xn+l) (62) 

where = Xj+i — Xj for i = I, ...,n Now we are ready to formulate the main result of this 
paper. 

Theorem 3.3 Let t be a real representation of SO{D) in R^, T> G Cov{t, R^) with admissible 
spectrum and let A be a solution of 

VA = 7] 

where rj is the T^-invariant Poisson noise. Then the difference variables moments cr^(a;i, a;„) 
have Fourier-Laplace property. 

The proof of this theorem will be divided into three main steps. 

Proposition 3.4 Let T> G Cov{t, R^) has an admissible mass spectrum with strictly positive 
masses. Then the Green function Ga = (T^aJ^^* of V has Fourier- Laplace property. 

Lemma 3.5 Let A, Ga be as in Proposition 3-3. 

S'{\xi~X2\) = J dxV^\x - xi)V^\x ~ X2) (63) 
has the Fourier-Laplace property. 

Lemma 3.6 Let A, Ga be as in Proposition 3-4- Then for any k = 1,2 the distribution S'^ , 
where 

S'^{xi, ...,Xk) = J dxVj^^x - xi)...'D^^{x - Xk) (64) 
has the Fourier-Laplace property. 

The separation of the proof into Lemma 3-5 and Lemma 3-6 is made for reader convenience only. 
Having proven Proposition 3-4, Lemma 3-6 the proof of theorem 3-3 follows by noting the fact 
that the Fourier-Laplace property is stable under taking tensor product and use of formula (^). 
The case in which some of the masses are equal to zero is easily covered by using the continuity 
of Laplace-Fourier transform in the space of distributions and a easily controlled limiting 
procedure based on an introducing virtual nonzero masses in the corresponding formulae and 
then putting them to zeros. Although the covariance might be broken by introducing virtual 
masses it can be restored in the limit. 
Proof of Proposition 3-4. 

The typical matrix element G'^ of Ga has the form 

G-^(v) - f65) 
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where Q"^ are polynomials in variables p of degree lower or equal N — 2 and all rrii > due to 
assumption made on V; 

Q'^'ip) ^ gf(Po,p) .... 

^^2 , ^2 , (66) 



where Q"^{po, p) = A°^'*(p)po + -S"^'*(p) where y4"^'*(p), _B°^'*(p) are bounded (on R) rational 

functions in variable p. 

As it is well know the distribution 



SuA^) = / 2^ 2^ 2 ^~'''dp (67) 
J p^ + p^ + mf 

has the Fourier-Laplace property with the underlying distribution >V° given by W°(po;P) = 
e{po)5{pQ — p^ — m^), where e(po) = 1 if Po > and otherwise. The inverse Fourier transform 
of a typical term appearing in ( |66|) is given (for > 0): 

(4"'(^V)^^ + Sf )^^,,(x°,x) = i^fi^)^^ + Bf)ifJ e-^'^^'>e^^-5ipl-p'-m')dpodp) 

= BfJ^J e-P°"V'P-"5(p2 - p2 _ m^)dpodp+ 

+ e-^o"°e'P-"{-2poA"''(«P)'^(Po - p' - m2)}c/pof^P (68) 

and this shows that the inverse Fourier transform of each term in (^) is the Fourier-Laplace 
transform with underlying distribution for i-th term: 

(po, P) = {Bf - ipoAf(ip)}5{pl - p2 - mMvo) (69) 

and W-^(po, P) = (po, p)- □ 

Proof of Lemma 3-5 

We shall proceed very close to the proof of Thm 4.21 in [Q. Firstly, we use the following 
identity: 

-oo Cl + C2 Cl + C2 -^0 

(70) 

which is valid for any ti, t2 G R; Ci? C2 ^ C such that: t2 — ti > 0; 3?Ci > 0; 3?C2 > 0. Secondly 
we note that: 

r e-P«l^ole-'P-^>Vf^(j9o, p)dpQdp = -—^ttt I e-^^^^^^^e-'^'^'Afip^d^-^p 
Jo {2n)^ ^ jRO-i 



+ / , , , ^ ^ e-P-Mf (p)rf^-^p. (71) 



Now, we can write down: 

T{yi -y2)= j dx'^d^V-^x - yi)V-\x - 1/2) = (72) 
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/ dx'd^V-\\x' - y% |x - y^\)V-\\x' - y% |x - y^l) = 
f^dx^^j J dpi J cip2S-f?l^°-^?le-^'°l^°-^°le-^Pi-(— yi)e-^P2-("-y2)>VG(rf, Pi)>Vg(P2, P2) 

J J J Pi + P2 

+{y2 - Vi) /'d6E-^*'?^+(^-^)^°)(^2-^?)e-^Pi-("-yi)e-^P^-("-y^) Wg(p?, Pi) Wg(P2, P2)} 
Jo 



= 2Ti{yi - 1/2) + 12(2/1 - 2/2). 

Defining the following functions 



^P^ + mf + -^p2 + mf. 
+ g- Vp^+-?* (-ip)>l^":^' (ip) (73) 

^ ^p2 + mf + -^p2 + mf, 

(74) 



= / dpe-P-(^-^^)^£!Lib/^^^<^'(zp) (75) 
^p2 + m2 + ^p2 + 

+ e-Vp'+"^?* (2/2-2/?) }Af (ip) (76) 
pa/3.a'/3'r ^ | ^pe-P-(x-y) £ ds{yl - 2/?)^p2 + m,Vp2 + mf. x 

(-^pi)A^!/^(2p2)e-V^(s'§-s'?>e-^^(^°-^?)(^-^) (77) 
rg*'"'^'^* = SfBf/(2/°-2/?) jdpe-'P^^-y^ j^'^5e-^/p^(^^^^)^e-^/p^(^^^?)(^-^) (78) 

r^sf"'""* = (z/2°-?/?) / dpe-^P-(''-''^)(-^)v/p^ + mf<'^'(zp) I'dsx 

e-V^+^iy°2-y^>e~V^^+^^y°^-y°^^^-'^ (79) 

e-Vp^(f2-2/?)^e-Vp^(^°-^?)(^-^). (80) 
We obtain after a bit of calculations that: 

S f (y2 - yi) = / dxV-',(x - yi)V-},,{x - y,) ^ ^2^: uf''^'^'^' + ^ rf ^'«'^'^*). (81) 

22 



From the explicite formulae (^)-(0) it follows that all the functions possess an analytic 

continuation. 

Proof of lemma 3.6: 

The following (see eqs. 4.16 in 

J i=l Cl + ••• + Cn 

n—lj—l n „ 

1 1 I o *' 



j=l i=l i=j+2 

1 



_| 1 g-Cl(*n-tl) g-Cn-l(*n-tn-l) (82) 

Cl + ... + Cn 

is valid for any ti < t2 < ... < and complex numbers Q such that 3?Ci > for all i and the 
decomposition (^) is used to derive the following representation of Sf: 

5i=l <5„=1-^ i=l i=l i=l 

E ... E favpi...rfp°,rfpjrfxne-(— ^)p^n 0^^^ o n 

5% 1=1 1=1 Pl + -+Pkj=i 

n — 1 J — 1 n 



pO\xO-xO\ 



+ -e-^'?K-?)...e-f2-l(-^-2-l)}. (83) 

Pi + ■■■+Pk 

Similarly, as in the proof of lemma 3.5, when using the explicite expressions for {W"^(po; p)} 
given in the proof of Proposition 3.4 one can see that the functions S'^ aift-.-ofeA given 
by sums, each term of whose is manifestly given by the Fourier-Laplace transforms of some 
tempered distribution supported on positive energies. 

Remark 3.7 Let {VV„} be the obtained set of Tm-covariant, local and fulfilling the weak form 
of the spectral axiom Wightman distributions. Then using a version of GNS construction one 
could construct: an inner product space TC^^ with the inner product < ■, ■ >>iph, a linear weakly 
continuous map: 

A, : 5(R^) ® — ^ iin^'') 

where i{T-C^^) = the set of linear (not necessarily bounded) operators acting on IHP^ , nonunitary 
and unbounded representation U^^^ of V^{D) in under which the quantum field operator 
Aq transforms covariantly, and a cyclic with respect to the action of Aq{f) and invariant with 
respect to U^^^ vector Q playing role of physical vaccum. 
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4 Examples in D = 3 



The complete description of the set of all covariant operators V G Cof (r), where r is any finite 



dimensional representation of the group 5*0(3) or S'0(1, 3) is given in the monographs [1^, 35 
(see also [^). To illustrate our general theory developed in the previous paragraphs we focus 
attention on the lowest-dimensional real representations Dq® Di, Di® Di and Di © Di of 
the group 50(3). The much more interesting case of Z) = 4 shall be analysed in a greater 

The presented below examples do not exhaust all the 
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details in our forthcoming paper 
possibilities. The point is, that we have used rather special realification procedure in order to 
brought the complex description of the sets Cov{t) given in [l^, |3^, ^] into the manifestly real 
form. Our realification is achieved by certain similarity transformation, fixed by the choice of a 
realification matrix Er- [Different choices of the realification procedure may lead to a different 
(i.e. not connected by the similarity transformation) families of covariant operators]. 



4.1 DoeL*!: Higgs-like Models 



This class of models described a doublet of fields ip = {(po, A) where (po is the scalar field and 
A is the vector field, coupled by noise throughout the corresponding covariant SPDE of the 
form (H). 



The realification matrix -E'(o.i) is chosen to be: 



-£'(0,1) = 





( V2 








\ 


1 





i 





—i 







1 





1 




I 





iV2 


/ 



The real form of the corresponding covariant operators I^(o,i) ^ Cov{{Dq 
to 50(3) with the mass term M = molo © rails is given by: 



V 



(0,1) 



/ mo aipo aipi aip2 \ 

bipo mi —cip2 cipi 

hipi cip2 mi —cipo 

V bip2 —cipi cipQ mi / 



M) 



< Di)^) with respect 



^5) 



with a, 6, c G R with detP(o,i)(«p) = {—c^p^ + m\){abp'^ + m^mi) 
To obtain admissible mass spectrum we need to put either c = or mi = 0, therefore resig- 
nating from the ellipticity of V. An admissible covariant operators are obtained iff c = if 
mi 7^ or mi = 0. We add that the operator is covariant with respect to 0(3) iff c = 0. The 
Green function is given by: 



p-i 



(0,1) 



i){w) 





f 


mi 


—aipo —aipi —aip2 \ 


1 




-bipo 




ahp^ + m^mi 




—bipi 






[ 


-bip2 


J 



(86) 



where: 



1 



{{ahp^ + momi){mi6f,u + cie^uxPx) - p^,Pu{abmi + c^mo)} 
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for /X, e {0,1,2}. The corresponding two-point function (more precisely the contribution 
coming from the Poisson piece of noise and not integrated with Levy measure v, see eq. 2.50): 



sifip,^) 


S3?{p,a) Sif{p,a) 


Sifip.a) \ 


So3{P,(^) 

SniP^f^) 
S23 {P,o:) 


Sj^JiP,c^) 


J 



(87) 



where 



5*33^ (p, a) = \m1a3 - iha,j,p^\^ /{ahp^ + momi)^. 



^?il{P^ «) = 'S'is (P> «) = {rriia^ - ibaxPx)[mi{abp^ + momi)a^ + ia{-c^p^ + mDa^p^,- 
-{abmi + (?mQ)a\p\Py\/ {-(?p^ + 'm\){ahp^ + rriQmif, 
Sf}{p,(^) = [o^tts + {cxxPxfiabmi + c^mof / {-c^p^ + mlf]p^py/{abp^ + mQmif+ 
m\a^a^/ {-c^p^ + m\Y — mi{abmi + c'^mo)axP\ip^j,a,y + Pi^a^) / {-c'^p'^ + m\Y{abp'^ + rriQmif'— 
-iamia3{pf,a^ - p^oi^)/ {-c^p^ + m\){abp^ + momi) 

for e {0,1,2}. 

We use above the notation for the variable of Levy measure: a = {a^, ao, ai, a2)- 
Remarks 

The representation Dq © Di is also of quaternionic type. Choosing ml + ml = and a — 
— 1, 6 = 1, c = 1 (respectively a — —1, b — l,c — —1) in (2) we obtain the purely quaternionic 
description of the corresponding Chfford algebra of Dirac operators. More explicitly let 
denote C(R^) the corresponding to R^ Clifford algebra and by A(R^) the external algebra of 
R3. Let us denote by C{R^) = C+{R^) © C_(R3) (respectively A(R'^) = A+(R3) © A-(R^)) 
canonical decompositions of C(R?) (resp. of A(R^)) gradation. Let H stands for the noncom- 
mutative field of quaternions with the base {1, i, j, k}. Noting that C(R'^) = H ® H canonical 
and A(R^) = H ® H and using two (non-equivalent) representations of H on H given by left 
(resp. right) multiplication we obtain the following explicite expressions for the corresponding 
left (resp. right) Dirac operator of A(R^): 



Vl = L{i)do + L(j)5i + L{k)d2 = 



respectively 



VR = R{i)^o + R{j)^^ + R{k)^2 



( ° 


-do 


-di 


-d2 


\ 


do 





-d2 


di 




di 


d2 





-do 




\ d2 









/ 


( 


-do 


-di 


-d2 


\ 


do 





d2 


-di 




di 


-d2 





do 




\ d2 


di 


-do 








(89) 



with the properties 



VlVI = - A3 I4 
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where V* = —V^, and respectively 



A,l. 



where: 



-L{i)do - L{})di - L{k)d2 (resp. V}^ = -R{i)do - R{i)di - R{k)d2). Another 
simple covariant decomposition of the three dimensional Laplacian —A3 can be described by: 



V 



and 





do 


di 


d2 


\ 


do 





-d2 


di 




di 


d2 





-do 




V d2 




do 







( ° 


do 


di 


d2 


\ 


do 





d2 


-di 


di 


-d2 





do 




V d2 


di 


-do 








(90) 



(91) 



and then = A3I4. This corresponds to the choice a = l,b = 1 and c = +1 (resp. —1) in 
(^). The question of the covariance properties of this decomposition was the starting point 
of the present research. 



4.2 DiQ) Di: Interacting Vector Fields 

The models of this sort describe a doublet of vector fields A = {Aq, Ai, A2), B = {Bq, Bi, B2) 
coupled to itself throughout the noise in the corresponding covariant SPDE. 
The realification matrix -^(1,1) is chosen to be: 



^(1,1) 



1 

V2 



( % 
1 







V 












1 












i 
1 




The manifestly real expressions for G Cof ((Di 

are given by: 








tV2 



\ 




—i 
1 

/ 



(92) 



Di)^) obtained by the apphcation of 



/ 


mi 


-aip2 


aipi 





-bip2 


bipi 


\ 




aip2 


■nil 


-aipo 


bip2 





-bipo 






—aipi 


aipo 


mi 


—bipi 


bipo 












-cip2 


cipi 


m2 


-dip2 


dipi 






cip2 





-cipo 


dip2 


m2 


—dipo 




V 


—cipi 


cipo 





—dipi 


dipo 


m2 


J 



(93) 



where the central element M is chosen to M = mil^ © ^213, mi, m2 G R. 
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Computing detV {i^i){ip) we obtain: 

det'D(i^i) (ip) = mim2{{ad — bcfp'^ + {{w^a^) + 2bcmim2 + m\dP)p'^ + ■m\m\}. 

The conditions for the proper mass spectrum could be easily obtained as f)[i^i){ip) is a bi- 
quadratic polynom. Providing that deiV(i^i){ip) 7^ we can invert the matrix ob- 
taining the corresponding Green-function: 



(94) 



where we have: f = ad — be, h = am2 + drrii and 

G'j^;^\p, a) = mim2(-eip^ + miml)5^^ m2(/V - rn2e2)p^,Pu + mim2{-dfp^ am2)i£j^i.APA 

G'S^Hp^ «) = bmim2{hp^5i^^ - hp^p^ + {fp^ + rnim2)ie^^xP\} 
for /U, z/ G {0, 1, 2} with ei = {d'^m.i + 607712), 62 = (a^m2 + bcrrii). 

The two last blocks of Green matrix we can obtain by making the following exchanges: a ^ d, 
nil ^ ^2 within the G^^^^^^p, a) matrix to get (^^^^^^(p, a) and b ^ c within G^^jf\p, a) to get 
G^^^^\p,a). The corresponding two-point Schwinger function (more precisely the contribution 
coming from Poisson piece of the noise without integration over 1/ as in the previous case) is 
given as follows: 



with: 



(95) 



S^^^^\p, a) = [m2(/V-"^2e2)Q;APA-cmim2/i/3APA]^P^P,.+[m2(/V-"^2e2)aAPA-cmim2/i/3APA] 

x[mim2(-eij9^ + miml){pi^a^ + p^a^) + cmim2hp^{p^P^ + p^Pi^)] + 
cm\m\hp^{—eip^ -\- mirn^{a^(5„ -\- a^Pn) + m\m\{—eip^ -\- mim\Yafj_ai, -\- {cmim2hp'^)'^ (3/^(3^, 

^i^fKp^ «) = -mim2{/i6m2(/V - m2e2){axP\f + hcmi{fp^ - exmi){(5xpxf - 
axPxPc.Pivlifp'^ - rn2e2)(/V - miei) + mim2hcJi^]}p^,py + mim2&/i/[(/V - "^2e2)«APA- 
-michl3xP\]Pt,av + mlm2{-eip^ + mim^)[(/V - "^icO/^aPa - m2bhaxPx\Pua^,+ 
+miml{-e2P^ + mlm2) [(/V - "^2e2)«APA - michPxpx]p^(3^ + m\m2chp^[{pp^ - miei)(5xP\- 
—bm2haxpx]p„Pij. + mjmlhp'^[b{-eip'^ + mim\)a^a^ c{—e2P^ + rnlm2)PnPu]+ 
+mlml{—eip^ + mim\){—e2P^ + m\m2)anl3j, bc{mim2hp'^)'^a^Pij, 
for e {0,1,2}. 

We use the notation for the variable of Levy measure: a = {ao,ai,a2, Po, Pi, ^2)- The block 
Sj^^'^\p, a) one can get by the exchanges a ^ d, mi ^ m2 and 6 c in the block Sj^^^\p, a) 
and the block <S'^^'^^(p, a) by 6 c within the block Sj^^;'^^{p, a). 
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It is wortliwile to observe that in the variety of covariant operators there do not exists a 
reflection covariant operator. By speciahzation of parameters of covariant operator we can 
find in the Gaussian part of two-point Schwinger function the Euchdean 2-point function of 
two copies of so called Euclidean Proca field introduced in p2|, If we put 



a = d = 0, = c' 
then we obtain for the Gaussian part 



1, he = —1 and mi = m2 



m 



(96) 



S. 



(2) 





f 





















) 1 









































I 














) 1 








matrix A = 


= l6 


(see eq. 


2.17). 







(97) 



4.3 The 



Di-case 

2 



This representation seems to be not of physical interest as conflicting the usual spin-statistic 
connection. We note that in the case of non positive quantum field theory the standard spin- 
statistic theorem could be violated 
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^ ^ We can use the Di © Di -representation for the noise 

7] transformation rule. In this context the study of realifications ol this representation could be 
much usefuler than the analysis of the corresponding covariant operators, Green and Schwinger 
functions. However, we mention the case to complete the list of the lowest dimensional cases. 



The chosen realification matrix E, 



En 1) 



1 

71 



/ 1 

i 

1 -1 

V i i 








The covariant operator in the Fourier representation: 



I cipo — dipi — aip2 + m 
—dipo — cipi + bip2 
aipo + bipi + cip2 
V —bipo + aipi — dip2 



—dipo — cipi — bip2 
—cipo + dipi — aip2 + m 
bipo — aipi — dip2 
aipo + bipi — cip2 



aipo — hipi + cip2 
—bipQ — aipi — dip2 
—cipo — dipi + aip2 + m 
dipo — cipi — bip2 

with a,b,c,deR and det('f'(i i)(p)) = [(a^ + 6^ + 0^ + d'^)p'^ + ni^f - Am^b^p'^. 
We can get the admissible mass spectrum taking, for example, 6 = 0. 



bipQ + aipi — dip2 
aipo — bipi — cip2 
dipo — cipi + bip2 
cipo + dipi + aip2 + m / 



(98) 



(99) 
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We can use the methods presented above to obtain exphcit formulas for the Green functions 
and the Schwinger functions. The corresponding expressions are much more comphcated than 
in the examples before and will therefore not be presented here. 
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